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ABSTRACT
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1 Introduction
A Rota-Baxter algebra, also called a Baxter algebra, is an associative algebra with
a linear operator which generalizes the algebra of continuous functions with the integral
operator. More precisely, for a given field K and λ ∈ K, a Rota-Baxter K-algebra (of
weight λ) is a K-algebra R together with a K-linear map P : R −→ R such that
P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy) (1)
for all x, y ∈ R. Such a linear operator is called a Rota-Baxter operator (of weight
λ). Rota-Baxter algebras were introduced in [21] in the context of differential opera-
tors on commutative Banach algebras and since [4] intensively studied in probability and
combinatorics, and more recently in mathematical physics, such as dendriform algebras
∗Corresponding author
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(see [3, 6, 7, 11]), free Rota-Baxter algebras (see [5, 8, 9, 13, 14]), Lie algebras (see [2, 18]),
multiple zeta values (see [8, 15]) and Connes-Kreimer renormalization theory in quantum
field theory (see [10]), etc. One can refer to the book [12] for the detailed theory of
Rota-Baxter algebras.
In 2014, Jian used Yetter-Drinfeld module algebras to construct Hopf module algebras,
and then the corresponding Rota-Baxter algebras were derived (see [16]). Based on the
dual method in the Hopf algebra theory, Jian and Zhang in [17] defined the notion of
Rota-Baxter coalgebras and also provided various examples of the new object, including
constructions by group-like elements and by smash coproduct.
In this paper, we will continue to investigate the properties of Rota-Baxter coalgebras.
We give a construction of Rota-Baxter coalgebras from Hopf module coalgebras and also
derive the structures of the pre-Lie coalgebras via Rota-Baxter coalgebras of different
weight. Finally, the notion of Rota-Baxter bialgebra is introduced and some examples are
provided.
2 Preliminaries
Throughout this paper, we assume that all vector spaces, algebras, coalgebras and
tensor products are defined over a field K. An algebra is always assumed to be associative,
but not necessarily unital. A coalgebra is always assumed to be coassociative, but not
necessarily counital. Now, let C be a coalgebra. We use Sweedler’s notation for the
comultiplication (see [19]): ∆(c) = c1 ⊗ c2 for any c ∈ C. Denote the category of left
H-comodules by HMod. For (M,ρL) ∈
HMod, write: ρL(x) = x(−1) ⊗ x(0) ∈ H ⊗M , for
all x ∈ M . Denote the category of right H-comodules by ModH . For (M,ρR) ∈ Mod
H ,
write: ρR(x) = x(0)⊗ x(1) ∈M ⊗H, for all x ∈M . Given a K-space M , we write idM for
the identity map on M .
In what follows, we recall some useful definitions and results which will be used later
(see [12,16,17,19]).
Hopf module (see [19]): A right (resp. left) H-Hopf module is a vector space M
equipped simultaneously with a right (resp. left) H-module structure and a right (resp.
left) H-comodule structure ρR (resp. ρL) such that
ρR(m · h) = ρR(m)∆(h). (2)
(resp. ρL(h ·m) = ∆(h)ρL(m)) for all h ∈ H and m ∈M .
Remark Let M be a right H-Hopf module. We denote by MR the subspace of right
coinvariants, i.e.,
MR = {m ∈M | ρR(m) = m⊗ 1H}.
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Then the map PR :M −→M given by PR(m) = m(0) ·S(m(1)) form ∈M is the projection
from M onto MR. Similarly, for a left H-Hopf module, we can define the subspace ML
of left coinvariants, i.e.,
ML = {m ∈M | ρL(m) = 1H ⊗m},
and have the projection formula
PL(m) = S(m(−1)) ·m(0).
Hopf module algebra (see [16]): A right H-Hopf module algebra is a right H-
Hopf module M together with an associative multiplication µ : M ⊗M −→ M (write
µ(m⊗m′) = mm′) such that for any h ∈ H and m,m′ ∈M ,
(mm′) · h = m(m′ · h), (3)
ρR(mm
′) = m(0)m
′
(0) ⊗m(1)m
′
(1). (4)
Remarks (1) The compatibility conditions between µ and the Hopf module structure
mean that µ is both a module morphism and a comodule morphism,where the right H-
module action and right H-comodule coaction on M ⊗M are given by
M ⊗M ⊗H −→M ⊗M (m⊗m′ ⊗ h 7→ m⊗m′ · h),
M ⊗M −→M ⊗M ⊗H (m⊗m′ 7→ m(0) ⊗m
′
(0) ⊗m(1)m
′
(1))
for all h ∈ H and m,m′ ∈M .
(2) We can define a left H-Hopf module algebra by satisfying the compati-
bility conditions h · (mm′) = (h ·m)m′ and ρL(mm
′) = m(−1)m
′
(−1) ⊗m(0)m
′
(0).
Rota-Baxter coalgebra (see [17]): Let γ be an element in K. A pair (C,Q) is called
a Rota-Baxter coalgebra of weight γ if C is a coalgebra and Q is a linear endomorphism
of C satisfying that
(Q⊗Q)∆ = (id ⊗Q)∆Q+ (Q⊗ id)∆Q+ γ∆Q,
that is, for all c ∈ C,
Q(c1)⊗Q(c2) = Q(c)1 ⊗Q(Q(c)2) +Q(Q(c)1)⊗Q(c)2 + γQ(c)1 ⊗Q(c)2. (5)
The map Q is called a Rota-Baxter operator.
A Rota-Baxter coalgebra is called idempotent if the Rota-Baxter operator Q satisfies
Q2 = Q.
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Yetter-Drinfeld category (see [19]): A left H-Yetter-Drinfeld module is a vector
space V equipped with a left H-module structure · and a left H-comodule structure ρL
such that for all h ∈ H and v ∈ V ,
h1v(−1) ⊗ h2 · v(0) = (h1 · v)(−1)h2 ⊗ (h1 · v)(0). (6)
The category of left H-Yetter-Drinfeld modules, denoted by H
H
YD, consists of the following
data: Its objects are left H-Yetter-Drinfeld modules and morphisms are linear maps which
are both module and comodule morphisms.
Remarks (1) A coalgebra (C,∆) in H
H
YD is a coassociative coalgebra such that the
underlying space C is an object in H
H
YD and (C,∆) is both a module-coalgebra and a
comodule-coalgebra. More precisely, for all h ∈ H and c ∈ C we have
∆(h · c) = h1 · c1 ⊗ h2 · c2, (7)
c(−1) ⊗ c(0)1 ⊗ c(0)2 = c1(−1)c2(−1) ⊗ c1(0) ⊗ c2(0). (8)
(2) Let (C,∆) be a coalgebra in H
H
YD. The smash coproduct coalgebra
C ×H is defined to be C ⊗H as a vector space and
∆(c⊗ h) = c1 ⊗ c2(−1)h1 ⊗ c2(0) ⊗ h2. (9)
3 Construction of Rota-Baxter coalgebras
In this section, we give a construction of Rota-Baxter coalgebras via Hopf module
coalgebras.
Definition 3.1 A rightH-Hopf module coalgebra is a rightH-Hopf moduleM together
with coassociative comultiplication ∆ : M −→ M ⊗M (∆(m) = m1 ⊗m2) such that for
any h ∈ H and m ∈M ,
m(0)1 ⊗m(0)2 ⊗m(1) = m1 ⊗m2(0) ⊗m2(1), (10)
∆(m · h) = m1 · h1 ⊗m2 · h2. (11)
Remarks (1) The compatibility conditions between ∆ and the Hopf module structure
mean that ∆ is both a module morphism and a comodule morphism, where the right
H-module action and right H-comodule coaction on M ⊗M are given by
M ⊗M ⊗H −→M ⊗M (m⊗m′ ⊗ h 7→ m · h1 ⊗m
′ · h2),
M ⊗M −→M ⊗M ⊗H (m⊗m′ 7→ m⊗m′(0) ⊗m
′
(1))
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for all h ∈ H and m,m′ ∈M .
(2) We can define a left H-Hopf module coalgebra by satisfying the com-
patibility conditions:
m(−1) ⊗m(0)1 ⊗m(0)2 = m1(−1) ⊗m1(0) ⊗m2,
and
∆(h ·m) = h1 ·m1 ⊗ h2 ·m2,
where h ∈ H and m ∈M .
Theorem 3.2 Let (C,∆) be a right H-Hopf module coalgebra. Then (C,PR) is a
Rota-Baxter coalgebra of weight −1.
Proof. Since C is a right H-comodule, for all c ∈ C we have
c(0) ⊗ c(1)1 ⊗ c(1)2 = c(0)(0) ⊗ c(0)(1) ⊗ c(1). (12)
We check the condition (5) for PR as follows:
((id ⊗ PR)∆PR + (PR ⊗ id)∆PR −∆PR)(c)
= (id ⊗ PR)∆PR(c) + (PR ⊗ id)∆PR(c) −∆PR(c)
= (id ⊗ PR)∆(c(0) · S(c(1))) + (PR ⊗ id)∆(c(0) · S(c(1)))−∆(c(0) · S(c(1)))
= (c(0) · S(c(1)))1 ⊗ PR((c(0) · S(c(1)))2) + PR((c(0) · S(c(1)))1)⊗ (c(0) · S(c(1)))2
−(c(0) · S(c(1)))1 ⊗ (c(0) · S(c(1)))2
(11)
= c(0)1 · S(c(1)2)⊗ (c(0)2 · S(c(1)1))(0) · S((c(0)2 · S(c(1)1))(1)) + (c(0)1 · S(c(1)2))(0)
·S((c(0)1 · S(c(1)2))(1))⊗ c(0)2 · S(c(1)1)− c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
(2)
= c(0)1 · S(c(1)2)⊗ (c(0)2(0) · S(c(1)1)1) · S(c(0)2(1)S(c(1)1)2) + c(0)1(0) · S(c(1)2)1
·S(c(0)1(1)S(c(1)2)2)⊗ c(0)2 · S(c(1)1)− c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
= c(0)1 · S(c(1)2)⊗ c(0)2(0) · ((S(c(1)1)1S(S(c(1)1)2))S(c(0)2(1))) + c(0)1(0) · ((S(c(1)2)1
S(S(c(1)2)2))S(c(0)1(1)))⊗ c(0)2 · S(c(1)1)− c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
= c(0)1 · S(c(1)2)⊗ c(0)2(0) · ε(S(c(1)1))S(c(0)2(1)) + c(0)1(0) · S(c(0)1(1))
⊗c(0)2 · S(c(1)1)ε(S(c(1)2))− c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
= c(0)1 · S(c(1))⊗ c(0)2(0) · S(c(0)2(1)) + c(0)1(0) · S(c(0)1(1))⊗ c(0)2 · S(c(1))
−c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
(10)
= c(0)(0)1 · S(c(1))⊗ c(0)(0)2 · S(c(0)(1)) + c(0)1(0) · S(c(0)1(1))⊗ c(0)2 · S(c(1))
−c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
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(12)
= c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1) + c(0)1(0) · S(c(0)1(1))⊗ c(0)2 · S(c(1))
−c(0)1 · S(c(1)2)⊗ c(0)2 · S(c(1)1)
= c(0)1(0) · S(c(0)1(1))⊗ c(0)2 · S(c(1))
(10)
= c1(0) · S(c1(1))⊗ c2(0) · S(c2(1)) = (PR ⊗ PR)∆(c),
finishing the proof. 
Remark Let (C,∆) be a left H-Hopf module coalgebra. Then (C,PL) is a Rota-Baxter
coalgebra of weight −1.
Example 3.3 Let C be a bialgebra and H a Hopf algebra with the antipode S.
Suppose that there are two bialgebra maps: i : H −→ C and π : C −→ H such that
π ◦ i = idH , i.e., C is a bialgebra with a projection (see [20]). Set Π = idC ⋆ (i ◦ S ◦ π),
where ⋆ is the convolution product on End(C). The right H-module structure and right
H-comodule structure on C are given by the following:
c · h = ci(h),
ρR(c) = c1 ⊗ π(c2),
for all c ∈ C and h ∈ H. Then (C,Π) is a Rota-Baxter coalgebra of weight −1.
Proof. For all h ∈ H and c ∈ C, firstly C is a right H-Hopf module with the above
module structure and comodule structure, since
ρR(c · h) = ρR(ci(h)) = (ci(h))1 ⊗ π((ci(h))2)
= c1i(h1)⊗ π(c2)h2 = c1 · h1 ⊗ π(c2)h2 = ρR(c)∆(h).
Secondly, we have
(∆⊗ id)ρR(c) = (∆⊗ id)(c1 ⊗ π(c2)) = c11 ⊗ c12 ⊗ π(c2)
= c1 ⊗ c21 ⊗ π(c22) = (id⊗ ρR)∆(c)
and ∆(c · h) = c1i(h1)⊗ c2i(h2) = c1 · h1 ⊗ c2 · h2. Thus (C,∆) is a right H-Hopf module
coalgebra.
Finally, by [20, Theorem 3], Π is the projection from C to CR. Therefore, we get the
conclusion by Theorem 3.2. 
Next we investigate the Hopf module coalgebra structure on the smash coproduct
coalgebra.
Theorem 3.4 Let (C,∆) be a coalgebra in H
H
YD. Then: (1) The smash coproduct
coalgebra C × H is a right H-Hopf module coalgebra with the following right H-Hopf
module structure: for all h, x ∈ H and c ∈ C,
(c⊗ h) · x = c⊗ hx,
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ρR(c⊗ h) = (c⊗ h1)⊗ h2.
Hence the map PR given by
PR(c⊗ h) = c⊗ ε(h)1H
is an idempotent Rota-Baxter operator of weight −1.
(2) The smash coproduct coalgebra C×H is a left H-Hopf module coalgebra with the
following left H-Hopf module structure:
x · (c⊗ h) = x1 · c⊗ x2h,
ρL(c⊗ h) = c(−1)h1 ⊗ (c(0) ⊗ h2)
Hence the map PL given by
PL(c⊗ h) = S(c(−1)2h2) · c(0) ⊗ S(c(−1)1h1)h3
is an idempotent Rota-Baxter operator of weight −1.
Proof. In what follows, we only prove the compatibility conditions, and the construc-
tions of the right and left H-Hopf module structures given above are obvious.
(1) For all c ∈ C and h, x ∈ H, we have
∆((c⊗ h) · x) = ∆(c⊗ hx)
(9)
= c1 ⊗ c2(−1)(hx)1 ⊗ c2(0) ⊗ (hx)2
= c1 ⊗ (c2(−1)h1)x1 ⊗ c2(0) ⊗ h2x2
= (c1 ⊗ c2(−1)h1) · x1 ⊗ (c2(0) ⊗ h2) · x2
= (c⊗ h)1 · x1 ⊗ (c⊗ h)2 · x2.
and
(id⊗ ρR)∆(c⊗ h)
(9)
= (id ⊗ ρR)(c1 ⊗ c2(−1)h1 ⊗ c2(0) ⊗ h2)
= c1 ⊗ c2(−1)h1 ⊗ c2(0) ⊗ h21 ⊗ h22
= c1 ⊗ c2(−1)h11 ⊗ c2(0) ⊗ h12 ⊗ h2
= (∆ ⊗ id)(c ⊗ h1 ⊗ h2) = (∆⊗ id)ρR(c⊗ h).
(2) Since C is a left H-comodule, for all c ∈ C we have
c(−1) ⊗ c(0)(−1) ⊗ c(0)(0) = c(−1)1 ⊗ c(−1)2 ⊗ c(0). (13)
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While
∆(x · (c⊗ h)) = ∆(x1 · c⊗ x2h)
(9)
= (x1 · c)1 ⊗ (x1 · c)2(−1)(x2h)1 ⊗ (x1 · c)2(0) ⊗ (x2h)2
(7)
= x11 · c1 ⊗ (x12 · c2)(−1)(x21h1)⊗ (x12 · c2)(0) ⊗ x22h2
= x1 · c1 ⊗ ((x2 · c2)(−1)x3)h1 ⊗ (x2 · c2)(0) ⊗ x4h2
(6)
= x1 · c1 ⊗ (x2c2(−1))h1 ⊗ x3 · c2(0) ⊗ x4h2
= x11 · c1 ⊗ x12(c2(−1)h1)⊗ x21 · c2(0) ⊗ x22h2
= x1 · (c1 ⊗ c2(−1)h1)⊗ x2 · (c2(0) ⊗ h2)
= x1 · (c⊗ h)1 ⊗ x2 · (c⊗ h)2,
and
(id⊗∆)ρL(c⊗ h) = (c⊗ h)(−1) ⊗ (c⊗ h)(0)1 ⊗ (c⊗ h)(0)2
= c(−1)h1 ⊗ (c(0) ⊗ h2)1 ⊗ (c(0) ⊗ h2)2
= c(−1)h1 ⊗ c(0)1 ⊗ c(0)2(−1)h21 ⊗ c(0)2(0) ⊗ h22
= c(−1)h1 ⊗ c(0)1 ⊗ c(0)2(−1)h2 ⊗ c(0)2(0) ⊗ h3
(8)
= (c1(−1)c2(−1))h1 ⊗ c1(0) ⊗ c2(0)(−1)h2 ⊗ c2(0)(0) ⊗ h3
(13)
= (c1(−1)c2(−1)1)h1 ⊗ c1(0) ⊗ c2(−1)2h2 ⊗ c2(0) ⊗ h3
= c1(−1)(c2(−1)h1)1 ⊗ c1(0) ⊗ (c2(−1)h1)2 ⊗ c2(0) ⊗ h2
= (c1 ⊗ c2(−1)h1)(−1) ⊗ (c1 ⊗ c2(−1)h1)(0) ⊗ c2(0) ⊗ h2
(9)
= (c⊗ h)1(−1) ⊗ (c⊗ h)1(0) ⊗ (c⊗ h)2
= (ρL ⊗ id)∆(c⊗ h),
thus we complete the proof. 
Example 3.5 The coalgebra H is a coalgebra in H
H
YD with the following left H-
Yetter-Drinfeld module structure:
x · h = xh,
ρ(h) = h1S(h3)⊗ h2.
Then the smash coproduct on H ⊗H is given by
∆(h⊗ h′) = h1 ⊗ (h2S(h4))h
′
1 ⊗ h3 ⊗ h
′
2,
the corresponding Rota-Baxter operators PR and PL are given by
PR(h⊗ h
′) = h⊗ 1Hε(h
′)
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and
PL(h⊗ h
′) = S((h1S(h3))2h
′
2) · h2 ⊗ S((h1S(h3))1h
′
1)h
′
3
= S((h12S(h31))h
′
2) · h2 ⊗ S((h11S(h32))h
′
1)h
′
3
= S((h2S(h4))h
′
2)h2 ⊗ S((h1S(h5))h
′
1)h
′
3.
We recall from [19] that a coquasitriangular (or braided) Hopf algebra is a pair (H,σ),
where H is a Hopf algebra and σ ∈ (H ⊗H)∗ such that
(BR1) σ(1, h) = σ(h, 1) = ε(h),
(BR2) σ(hh′, h′′) = σ(h, h′′1)σ(h
′, h′′2),
(BR3) σ(h, h′h′′) = σ(h1, h
′′)σ(h2, h
′),
(BR4) h′1h1σ(h2, h
′
2) = σ(h1, h
′
1)h2h
′
2
for any h, h′, h′′ ∈ H.
Example 3.6 Let (H,σ) be a coquasitriangular Hopf algebra. For any H-comodule
(M,ρ), we define · : H ⊗M −→ M by h ·m = σ(m(−1), h)m(0). Then (M, ·, ρ) is a left
H-Yetter-Drinfeld module. By [19], we know that any comodule-coalgebra C over H is
moreover a coalgebra in H
H
YD. Then Rota-baxter operators PR and PL on C × H are
given by
PR(c⊗ h) = c⊗ ε(h)1H
and
PL(c⊗ h) = S(c(−1)2h2) · c(0) ⊗ S(c(−1)1h1)h3
= σ(c(0)(−1), S(c(−1)2h2))c(0)(0) ⊗ S(c(−1)1h1)h3
(13)
= σ(c(−1)2, S(c(−1)12h2))c(0) ⊗ S(c(−1)11h1)h3
= σ(c(−1)3, S(c(−1)2h2))c(0) ⊗ S(c(−1)1h1)h3
= σ(c(−1)3, S(h2)S(c(−1)2))c(0) ⊗ S(c(−1)1h1)h3
(BR3)
= σ(c(−1)3, S(c(−1)2))σ(c(−1)4, S(h2))c(0) ⊗ S(c(−1)1h1)h3
respectively.
4 From Rota-Baxter coalgebra to pre-Lie coalgebra
In this section, we construct pre-Lie coalgebras from Rota-Baxter coalgebras. First,
we give the definition of pre-Lie coalgebra which is dual to the definition of pre-Lie algebra
in [1].
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Definition 4.1 A pre-Lie coalgebra is (C,∆) consisting of a linear space C, a linear
map ∆ : C −→ C ⊗ C and satisfying
∆C − Φ(12)∆C = 0, (14)
where ∆C = (∆⊗ id)∆ − (id⊗∆)∆ and Φ(12)(c1 ⊗ c2 ⊗ c3) = c2 ⊗ c1 ⊗ c3.
Theorem 4.2 Let (C,∆, Q) be a Rota-Baxter coalgebra of weight −1. Define the
operation ∆˜ on C by
∆˜(c) = Q(c1)⊗ c2 −Q(c2)⊗ c1 − c1 ⊗ c2.
Then C˜ = (C, ∆˜) is a pre-Lie coalgebra.
Proof. For all c ∈ C, we have
∆˜C(c) = (∆˜ ⊗ id)∆˜(c)− (id ⊗ ∆˜)∆˜(c)
= (∆˜⊗ id)(Q(c1)⊗ c2 −Q(c2)⊗ c1 − c1 ⊗ c2)
− (id⊗ ∆˜)(Q(c1)⊗ c2 −Q(c2)⊗ c1 − c1 ⊗ c2)
= ∆˜(Q(c1))⊗ c2 − ∆˜(Q(c2))⊗ c1 − ∆˜(c1)⊗ c2 −Q(c1)⊗ ∆˜(c2)
+Q(c2)⊗ ∆˜(c1) + c1 ⊗ ∆˜(c2)
= Q(Q(c1)1)⊗Q(c1)2 ⊗ c2 −Q(Q(c1)2)⊗Q(c1)1 ⊗ c2 −Q(c1)1 ⊗Q(c1)2 ⊗ c2
−Q(Q(c2)1)⊗Q(c2)2 ⊗ c1 +Q(Q(c2)2)⊗Q(c2)1 ⊗ c1 +Q(c2)1 ⊗Q(c2)2 ⊗ c1
−Q(c11)⊗ c12 ⊗ c2 +Q(c12)⊗ c11 ⊗ c2 + c11 ⊗ c12 ⊗ c2 −Q(c1)⊗Q(c21)⊗ c22
+Q(c1)⊗Q(c22)⊗ c21 +Q(c1)⊗ c21 ⊗ c22 +Q(c2)⊗Q(c11)⊗ c12
−Q(c2)⊗Q(c12)⊗ c11 −Q(c2)⊗ c11 ⊗ c12 + c1 ⊗Q(c21)⊗ c22
− c1 ⊗Q(c22)⊗ c21 − c1 ⊗ c21 ⊗ c22
= Q(Q(c1)1)⊗Q(c1)2 ⊗ c2 −Q(Q(c1)2)⊗Q(c1)1 ⊗ c2 −Q(c1)1 ⊗Q(c1)2 ⊗ c2
−Q(Q(c2)1)⊗Q(c2)2 ⊗ c1 +Q(Q(c2)2)⊗Q(c2)1 ⊗ c1 +Q(c2)1 ⊗Q(c2)2 ⊗ c1
−Q(c1)⊗ c2 ⊗ c3 +Q(c2)⊗ c1 ⊗ c3 + c1 ⊗ c2 ⊗ c3 −Q(c1)⊗Q(c2)⊗ c3
+Q(c1)⊗Q(c3)⊗ c2 +Q(c1)⊗ c2 ⊗ c3 +Q(c3)⊗Q(c1)⊗ c2
−Q(c3)⊗Q(c2)⊗ c1 −Q(c3)⊗ c1 ⊗ c2 + c1 ⊗Q(c2)⊗ c3
− c1 ⊗Q(c3)⊗ c2 − c1 ⊗ c2 ⊗ c3
= Q(Q(c1)1)⊗Q(c1)2 ⊗ c2 −Q(Q(c1)2)⊗Q(c1)1 ⊗ c2 −Q(c1)1 ⊗Q(c1)2 ⊗ c2
−Q(Q(c2)1)⊗Q(c2)2 ⊗ c1 +Q(Q(c2)2)⊗Q(c2)1 ⊗ c1 +Q(c2)1 ⊗Q(c2)2 ⊗ c1
+Q(c2)⊗ c1 ⊗ c3 −Q(c1)⊗Q(c2)⊗ c3 +Q(c1)⊗Q(c3)⊗ c2
+Q(c3)⊗Q(c1)⊗ c2 −Q(c3)⊗Q(c2)⊗ c1 −Q(c3)⊗ c1 ⊗ c2 + c1 ⊗Q(c2)⊗ c3
− c1 ⊗Q(c3)⊗ c2.
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Then we can verify that the condition (14) holds by using the above equality as follows.
(∆˜C − Φ(12)∆˜C)(c)
= Q(Q(c1)1)⊗Q(c1)2 ⊗ c2 −Q(Q(c1)2)⊗Q(c1)1 ⊗ c2 −Q(c1)1 ⊗Q(c1)2 ⊗ c2
−Q(Q(c2)1)⊗Q(c2)2 ⊗ c1 +Q(Q(c2)2)⊗Q(c2)1 ⊗ c1 +Q(c2)1 ⊗Q(c2)2 ⊗ c1
+Q(c2)⊗ c1 ⊗ c3 −Q(c1)⊗Q(c2)⊗ c3 +Q(c1)⊗Q(c3)⊗ c2
+Q(c3)⊗Q(c1)⊗ c2 −Q(c3)⊗Q(c2)⊗ c1 −Q(c3)⊗ c1 ⊗ c2 + c1 ⊗Q(c2)⊗ c3
− c1 ⊗Q(c3)⊗ c2 −Q(c1)2 ⊗Q(Q(c1)1)⊗ c2 +Q(c1)1 ⊗Q(Q(c1)2)⊗ c2
+Q(c1)2 ⊗Q(c1)1 ⊗ c2 +Q(c2)2 ⊗Q(Q(c2)1)⊗ c1 −Q(c2)1 ⊗Q(Q(c2)2)⊗ c1
−Q(c2)2 ⊗Q(c2)1 ⊗ c1 − c1 ⊗Q(c2)⊗ c3 +Q(c2)⊗Q(c1)⊗ c3
−Q(c3)⊗Q(c1)⊗ c2 −Q(c1)⊗Q(c3)⊗ c2 +Q(c2)⊗Q(c3)⊗ c1
+ c1 ⊗Q(c3)⊗ c2 −Q(c2)⊗ c1 ⊗ c3 +Q(c3)⊗ c1 ⊗ c2
= Q(Q(c1)1)⊗Q(c1)2 ⊗ c2 −Q(Q(c1)2)⊗Q(c1)1 ⊗ c2 −Q(c1)1 ⊗Q(c1)2 ⊗ c2
−Q(Q(c2)1)⊗Q(c2)2 ⊗ c1 +Q(Q(c2)2)⊗Q(c2)1 ⊗ c1 +Q(c2)1 ⊗Q(c2)2 ⊗ c1
−Q(c1)⊗Q(c2)⊗ c3 −Q(c3)⊗Q(c2)⊗ c1 −Q(c1)2 ⊗Q(Q(c1)1)⊗ c2
+Q(c1)1 ⊗Q(Q(c1)2)⊗ c2 +Q(c1)2 ⊗Q(c1)1 ⊗ c2 +Q(c2)2 ⊗Q(Q(c2)1)⊗ c1
−Q(c2)1 ⊗Q(Q(c2)2)⊗ c1 −Q(c2)2 ⊗Q(c2)1 ⊗ c1 +Q(c2)⊗Q(c1)⊗ c3
+Q(c2)⊗Q(c3)⊗ c1
(5)
= Q(c11)⊗Q(c12)⊗ c2 −Q(c12)⊗Q(c11)⊗ c2 −Q(c21)⊗Q(c22)⊗ c1
+Q(c22)⊗Q(c21)⊗ c1 −Q(c1)⊗Q(c2)⊗ c3 −Q(c3)⊗Q(c2)⊗ c1
+Q(c2)⊗Q(c1)⊗ c3 +Q(c2)⊗Q(c3)⊗ c1
= 0,
finishing the proof. 
Theorem 4.3 Let (C,∆, R) be a Rota-Baxter coalgebra of weight 0. Define the
operation ∆˜ on C by
∆˜(c) = Q(c1)⊗ c2 −Q(c2)⊗ c1.
Then C˜ = (C, ∆˜) is a pre-Lie coalgebra.
Proof. Same to the proof of Theorem 4.2. 
5 Rota-Baxter bialgebras
In this section, we will combine the Rota-Baxter algebra and Rota-Baxter coalgebra
to Rota-Baxter bialgebra and also provide some examples.
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Definition 5.1 Let λ, γ be elements in K and H a bialgebra (maybe without unit
and counit). A triple (H,P,Q) is called a Rota-Baxter bialgebra of weight (λ, γ) if (H,P )
is a Rota-Baxter algebra of weight λ and (H,Q) is a Rota-Baxter coalgebra of weight γ,
that is, H satisfies the following conditions: for all x, y ∈ H,
P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy),
(Q⊗Q)∆ = (id ⊗Q)∆Q+ (Q⊗ id)∆Q+ γ∆Q.
Example 5.2 Let H be a Hopf algebra and (A,µ,∆) a bialgebra. Suppose that (A,µ)
is a right H-Hopf module algebra and (A,∆) is a right H-Hopf module coalgebra. Then
(A,PR, PR) is a Rota-Baxter bialgebra of weight (−1,−1).
Proof. By using Theorem 3.2 and [16, Theorem 2.4], we can get the conclusion
directly. 
Remark Similarly, the above result holds for the left H-Hopf module algebra and the
left H-Hopf module coalgebra.
Example 5.3 Let C be a bialgebra and H a Hopf algebra with the antipode S.
Suppose that there are two bialgebra maps: i : H −→ C and π : C −→ H such that
π ◦ i = idH , i.e., C is a bialgebra with a projection (see [20]). Set Π = idC ⋆ (i ◦ S ◦ π),
where ⋆ is the convolution product on End(C). The right H-Hopf module structure are
given by the following:
c · h = ci(h),
ρR(c) = c1 ⊗ π(c2),
for all c ∈ C and h ∈ H. Then (C,Π,Π) is a Rota-Baxter bialgebra of weight (−1,−1).
Proof. It is straightforward by using Example 3.3 and [16, Example 2.6]. 
Example 5.4 Let {x, y, z} be a basis of a 3-dimensional vector space H over K. We
define multiplication and comultiplication over H:
x2 = x, y2 = y, z2 = 0
xy = yx = y, yz = z,
xz = zx = z, zy = 0,
∆(x) = x⊗ x, ∆(y) = y ⊗ y, ∆(z) = z ⊗ z.
It is not hard to see that H is a bialgebra with the above constructions. Let P1, P2, Q be
operators defined with respect to the basis {x, y, z} by
P1(x) = az, P2(x) = −cx− cy, Q(x) = dz,
P1(y) = bz, P2(y) = −cy, Q(y) = dz,
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P1(z) = 0, P2(z) = −cz, Q(z) = 0,
where a, b, c, d ∈ K. Then (H,P1, Q) is a Rota-Baxter bialgebra of weight (0, d), and
(H,P2, Q) is a Rota-Baxter bialgebra of weight (c, d).
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